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I. INTRODUCTION
Among the long list of possible charged kaon decays the rare K e4 decay branch ͓K Ϯ → ϩ Ϫ e Ϯ e ( e )͔ has received particular attention because it was recognized ͓1͔ almost coincidently with the observation of the first event for this decay 40 years ago ͓2͔ that it could provide important information on the structure of the weak hadronic currents and also on scattering at low energies. The final state interaction of the two pions was expected to manifest itself in an angular correlation between the decay products, namely an asymmetry of the lepton distribution with respect to the plane formed by the two pion momenta. This asymmetry is directly related to the difference between the s-and p-wave scattering phase. What made this four-body semileptonic decay attractive despite its low branching ratio, which was then predicted to be of order 10 Ϫ5 ͓3͔, is that the two pions are the only hadrons in the final state. For all other reactions used to study the interaction, e.g.
Ϫ p→ Ϫ ϩ n, there is at least one other hadron present in the final state. Thus experimental studies of the K e4 decay were seen as the cleanest method to determine the isospin zero, angular momentum zero scattering length a 0 0 . Since early experiments ͓4-8͔ observed only a few hundred events each, it was not until 1977, when the GenevaSaclay experiment ͓9͔ gathered about 30,000 events, that a measurement was made of this quantity to 20% accuracy.
Since then no new data became available until Experiment 865 at the Brookhaven Alternating Gradient Synchrotron collected 400,000 K e4 events. We report here the details of the analysis of these data, some of which have been communicated earlier ͓10͔. A promising alternative way to study interactions through a measurement of the lifetime of the atom is followed in the DIRAC experiment at CERN ͓11͔, which has not yet yielded a definitive result.
The theoretical analysis of interactions at low energies is intimately linked to the development of chiral quantum chromodynamics perturbation theory ͑ChPT͓͒ 12-14͔. In this approach, the fact that standard QCD perturbation theory is not directly applicable at low energies because the strong coupling becomes large, is circumvented through a systematic expansion of the observables in terms of external momenta and of light quark masses. The spontaneous breakdown of the underlying chiral symmetry is associated with the quark-antiquark vacuum expectation value, the so-called quark condensate ͗0͉q q͉0͘. It is normally assumed to be of natural size, or equivalently that the Gell-Mann-OakesRenner formula ͓15͔ for the pion mass
has only small corrections. Here F Ӎ93 MeV is the pion decay constant. This assumption does not have to be made, as the authors of a less restrictive version of chiral perturbation theory ͑GChPT͓͒ 16,17͔ pointed out. The measurement of the threshold parameters has been advocated as one of the areas where a significant difference between the two approaches could be observed. ChPT, however, makes firm pre- The form factors appearing in the weak hadronic current in the K e4 decay matrix element have also been extensively used for the determination of the parameters of the ChPT Hamiltonian ͓26,27͔. This program would clearly benefit from lower experimental uncertainties.
II. THEORETICAL BACKGROUND FOR THE ANALYSIS
OF K e4 DECAY
A. Kinematics
The decay
can most conveniently be treated ͓28͔ by using three reference frames, as illustrated in Fig. 1 : ͑1͒ the K ϩ rest system (⌺ K ), ͑2͒ the ϩ Ϫ rest system (⌺ ) and ͑3͒ the e ϩ e rest system (⌺ e ). The kinematics of the K e4 decay are then fully described by five variables, introduced by Cabibbo and Maksymowicz ͓29͔:
͑1͒ s ϭM 2 , the invariant mass squared of the dipion. ͑2͒ s e ϭM e 2 , the invariant mass squared of the dilepton. ͑3͒ , the angle of the ϩ in ⌺ with respect to the direction of flight of the dipion in ⌺ K .
͑4͒ e , the angle of the e ϩ in ⌺ e with respect to the direction of flight of the dilepton in ⌺ K .
͑5͒ , the angle between the plane formed by the two pions and the corresponding plane formed by the two leptons.
It is useful for the following discussion to introduce the combinations P, Q and L of the momentum four vectors p 1 , p 2 , p e and p defined in Eq. ͑2͒ and two scalar products derived from them The matrix element is written as
The vector current V and the axial vector current A have to be Lorentz invariant four-vectors:
The kaon mass m K was inserted to make the form factors F, G, R and H dimensionless complex functions of p 1 •p 2 , p 1 •p and p 2 •p or equivalently of s , s e and .
C. Decay rate
The decay rate following from the matrix element given in Eq. ͑6͒ and neglecting terms proportional to m e 2 /s e is given by ͓30͔ The form factors F, G, and H are contained in the functions F i , which are given by
The contribution of the form factor R is suppressed by a factor m e 2 /s e and is therefore negligible. Consequently R cannot be determined from K e4 decay.
D. Parametrization of the form factors
As noted above, the form factors F, G and H are functions of , s and s e , and can be determined directly from a fit to the experimental data for sufficiently small bins of these kinematic variables. Alternatively a parametrization recently introduced by Amorós and Bijnens ͓31͔ may be used, which is based on a partial wave expansion in the variable : 
E. scattering length
To establish a relation between the phase shift ␦ 0 0 and the scattering length normally the analytical properties of the scattering amplitudes and crossing relations are used, which lead to dispersion relations contained in the Roy equations ͓23͔. Ananthanarayan et al. ͓24͔ have recently updated earlier treatments ͓33͔, which were used in the analysis of scattering data, and solved these equations numerically. Their analysis made use of a phase shift parametrization originally proposed by Schenk ͓34͔:
͑13͒
The solution of the Roy equations implies that the parameters s ᐉ I , A ᐉ I , B ᐉ I , etc. can be expressed as a function of only two parameters or subtraction constants, which are identified as the Iϭ0 and Iϭ2 s-wave scattering lengths a 0 0 and a 0 2 . For example, the first two coefficients of this expression for the Iϭᐉϭ0 case read as follows ͓35͔:
where ⌬a 0 0 ϵa 0 0 Ϫ0.220 and ⌬a 0 2 ϵa 0 2 ϩ0.0444. Although K e4 decay allows only Iϭ0 and Iϭ1 contributions, the use of the crossing relations brings in a modest dependence on the Iϭ2 scattering length. The Iϭ1 phase shifts at low energies are dominated by the resonance and are furthermore small in the region of interest for K e4 .
It was recognized by Morgan and Shaw ͓36͔ that the possible values of a 0 0 and a 0 2 are restricted to a band in the a 0 0 Ϫa 0 2 plane, the so-called universal band. This band is defined as the area which is allowed by scattering data above 0.8 GeV ͓37,38͔ and the Roy equations. The allowed range, estimated in the most recent analysis ͓24͔, is shown in Fig. 10 . The central curve of this band is given by
where the figure given in the bracket indicates the width of the band. Figure 2 illustrates the influence of the universal band and how the phase shift difference ␦ϭ␦ 0 0 Ϫ␦ 1 1 depends on the scattering length a 0 0 . It has recently been shown by Colangelo et al. ͓22, 39͔ that the width of the allowed band can be considerably reduced to ͓Ϯ0.0008͔, if chiral symmetry constraints are imposed in addition. a 0 2 and a 0 0 are then related as
where ⌬a 0 2 and ⌬a 0 0 have been defined above. This band is also depicted in Fig. 10 with the label CLG.
In ChPT up to order O(p 4 ) the scattering lengths are linked to two coupling constants ᐉ 3 and ᐉ 4 . For example, ᐉ 3 determines the size of the first order correction to the GellMann-Oakes-Renner relation ͓Eq. ͑1͔͒ ͓15͔, and is assumed to be a priori unknown in GChPT. Colangelo et al. ͓22, 39͔ have argued, that both a 0 0 and a 0 2 can be made dependent solely on ᐉ 3 , if the scalar radius of the pion is used as an additional input to give a relation between ᐉ 3 and ᐉ 4 . This also holds in GChPT, and Eq. ͑15͒ results, when ᐉ 4 is eliminated. Once the scattering lengths are known experimentally, a constraint for ᐉ 3 and consequently for the quark condensate can be derived.
III. EXPERIMENTAL SET UP

A. Apparatus
The analysis outlined here is based on data recorded at the Brookhaven Alternate Gradient Synchrotron ͑AGS͒ in a dedicated run at reduced beam intensity in 1997, employing the E865 detector. The apparatus, described in great detail in ͓40͔, is shown in Fig. 3 . Here we will mention only its main features. The detector was located in a 6 GeV unseparated beam of approximately 1.5ϫ10 7 K ϩ accompanied by about 3ϫ10 8 ϩ and protons per machine spill of 1.6 -2.8 s duration. About 6% of the kaons accepted by the beam line decayed in the 5 m long evacuated decay volume. The decay products were separated by charge and swept away from the beam by a first dipole magnet. Negatively charged particles were deflected to the left. A second dipole magnet sandwiched between four proportional wire chambers ͑P1-P4͒ served as the spectrometer. The wire chambers, each consisting of four wire planes, were deadened in the region where the beam passed. This arrangement yielded a momentum resolution of P Ӎ0.003 P 2 GeV/c, where P, the momentum of the decay products in GeV/c, had a typical range of 0.6 to 3.5. Pions and muons were distinguished from positrons and electrons using two Č erenkov counters, C1 and C2, situated inside and behind the second dipole magnet, and rendered insensitive in the beam region. Both Č erenkov counters, when filled with CH 4 at atmospheric pressure, yielded on average seven photoelectrons, and hence ensured an electron identification probability greater than 99%. An electromagnetic calorimeter of the Shashlyk design ͓41͔, located downstream of P4 further aided the separation of the positrons from other charged decay products. It consisted of 30 modules in the horizontal and 20 modules in the vertical direction, but for the beam region, where 6ϫ3 modules were absent. Module size was 11.4 cm high and 11.4 cm wide perpendicular to the beam direction and 15 radiation length deep. The calorimeter was followed by an array of 12 muon chambers, separated by iron planes, employed to discriminate pions against muons. Four hodoscopes were added to the detector for trigger purposes. The A hodoscope was situated just upstream of the calorimeter, the B-and C-hodoscopes were embedded in the muon stack, and the D-hodoscope was located between the first two proportional wire chambers. The detector was completed by a pixel counter, installed just upstream of the decay volume, which measured the position of the incoming kaons. This device consisted of an array of 12 ͑horizontally͒ by 32 ͑vertically͒ scintillating pixels, each with an area of 7ϫ7m m 2 . Table I summarizes the resolution of the apparatus in the five variables required to describe the kinematics of the K e4 decay.
B. Trigger requirements
The trigger was designed as a multilevel structure with increasing sophistication. The lowest trigger level ͑T0͒ indicated the presence of three charged particle tracks, two on the right and one on the left side, each signaled by a coincidence between the A counter and the corresponding calorimeter module directly behind it (A•SH). For each combination of coincidences on the right only a limited, kinematically acceptable region on the left was allowed. To ensure that the trigger resulted from particles coming from the decay volume, at least one coincidence on both sides between the D-counter and A•SH was required. The next trigger level ͑T1͒ demanded the presence of a positron in order to reject events from the K ϩ → ϩ ϩ Ϫ (K ) decay, and dismissed all events with evidence for the presence of an electron to eliminate events from
decay, both rather common decay modes. Consequently, this trigger level required signals in both Č erenkov counters on the right ͑corresponding to at least 2.5 photoelectrons͒ and vetoed all events with a signal in either Č erenkov counters on the left ͑at least 0.25 photoelectrons͒. The final trigger level ͑T2͒ rejected events with a high occupancy in the wire chambers, most likely caused by noise in the read-out electronics. It did not reject many events, but the ones it rejected would have required an exceedingly large amount of computer time in the reconstruction. In addition to K e4 candidates, a few prescaled monitor triggers were also recorded, e.g. a minimum bias trigger ͑T0 without the T1 requirement͒ dominated by accidentals and K events, and a trigger sensitive to K dal events, used to check the Č erenkov counter efficiency ͓40͔.
IV. K e4 EVENT SELECTION AND ANALYSIS
A. Reconstruction
The kinematic reconstruction of an event, described in detail in ͓40͔, proceeded as follows: In the first step raw wire hits in the proportional chambers were combined to space points, requiring signals in at least three of the four wire planes in a chamber. Then the space points were combined to tracks. A track was found if at least three chambers contributed with a space point each. Next, employing a measured map of the magnetic field in the dipole magnets, the momenta of the tracks were fitted. For events with at least three reconstructed tracks, a fitting algorithm, again utilizing the field map, determined the decay vertex as the position from which the distance s to the three tracks was minimal. For events containing more than three tracks, the combination that produced the lowest s was tagged as the most probable set of track candidates from kaon decay. Finally, the kaon direction was obtained from the hit in the pixel counter and the vertex. The kaon momentum could then be fitted by tracing the kaon back through the beam line to the production target 27.5 m upstream of the decay tank. In the last reconstruction step the particle identification information was assigned to the tracks found.
B. Selection
K e4 candidates had to pass the following selection criteria: a vertex within the decay tank of acceptable quality s,a momentum reconstructed from the three daughter particles below the beam momentum, a timing spread between the signals caused by the tracks in the A hodoscope and the calorimeter consistent with the resolution of 0.5 ns. Finally we required an unambiguous identification of the e ϩ , assured by light in the appropriate photomultiplier tubes in both Č erenkov counters and an energy loss in the calorimeter consistent with the momentum of the track, and of the Ϫ , secured by the absence of a signal above the noise in the Č erenkov counters and an energy loss in the calorimeter consistent with that of a minimum ionizing particle or a hadron shower. The cuts described above ensured K e4 events of good quality, but the resulting event sample still contained a considerable amount of background events.
C. Backgrounds
The major background contributions came from K decay and accidentals. A K could fake a K e4 by either ͑1͒ a misidentification of one of the ϩ as a positron due to ␦ rays, noise in the photomultiplier tubes or the presence of an additional parasitic positron, or ͑2͒ a decay of a ϩ directly or via a ϩ into an e ϩ . The dominating accidental background arose from combinations of a ϩ and a Ϫ originating from a K decay with a positron from either the beam or from a K dal decay ͑2-1 accidental from K ).
To reject background from K decay, we required that the kaon reconstructed from the three charged daughter particles did not track back to the target, using the fact that the reconstruction for K e4 is incomplete due to the undetected neutrino. The remaining K background can be made visible by plotting the K e4 candidates under the K hypothesis, i.e. assigning to the positron a pion mass. The K background appears as a narrow peak sitting on the broad distribution originating from K e4 decays, as seen in Fig. 4͑a͒ .
Accidentals of the 2-1 type from K are characterized by ͑1͒ the positron track tends to be out of time in the A-hodoscope and the calorimeter compared with the two pion tracks; ͑2͒ the distance of closest approach between the positron track and each pion track is typically larger than the distance between the two pions; ͑3͒ the position of the vertex along the beam axis tends to be more upstream in K and hence also in 2-1 accidentals from K compared with K e4 , due to smaller average transverse momentum; ͑4͒ in the calorimeter more clusters of energy are found, due to the possibility of two decays in the same time window. These characteristics were used to construct a likelihood function in order to suppress 2-1 accidentals. The remaining background can be exposed by inspecting the distribution of the total visible momentum in the event, reconstructed from the sum of the three charged particle momenta. Accidentals of the 2-1 type display a large tail above the beam momentum, as is demonstrated in Fig. 4͑b͒ . The agreement between data and the sum of Monte Carlo and background indicates that this background is well understood. For the background simulation we used K monitor events with a fourth accidental positron track. The uncertainty in the evaluation of this background under the signal region below the beam momentum yields the largest contribution to the systematic error of the background estimate. The excellent particle identification capabilities of our apparatus reduce the background originating from K dal decay, where the e Ϫ gets misidentified as a Ϫ , to a negligible level. This can be made evident by plotting the invariant mass M ee of the electron-positron pair, assigning the electron mass to the Ϫ ͓Fig. 4͑c͔͒. This distribution shows no enhancement at the low values of M ee characteristic for K dal events.
Table II summarizes the background rates.
D. Final sample
After applying the event selection criteria described above, 406,103 events remained, of which we estimate 388,270Ϯ5025 to be K e4 events. This corresponds to an increase in statistics by more than a factor of 10 compared with previous experiments.
V. MONTE CARLO SIMULATION
A good Monte Carlo simulation of the detector is a necessary ingredient for the analysis of the decay distributions and the determination of the absolute branching ratio. This simulation starts with the kaon beam at the upstream end of the decay tank with a spatial and momentum distribution deduced from our ample supply of K ϩ monitor events, for which the incident K ϩ can be fully reconstructed. The K ϩ is then allowed to decay in a preselected mode along its trajectory in the decay tank. To model the physics of the K e4 decay, initial values of the matrix elements were chosen in accordance with the ChPT analysis at the one loop level ͓42,43͔ of the Geneva-Saclay experiment ͓9͔. Radiative corrections are included following Diamant-Berger ͓44͔͑ see also Sec. VII below͒. For the decay modes K and K dal , FIG. 4 . Background contributions: the markers show the data while the solid histogram displays the Monte Carlo simulation. ͑a͒ Three-pion invariant mass distribution for K e4 candidate events, assigning a pion mass to the positron. The small peak at the K ϩ mass arises from K events. ͑b͒ Total momentum reconstructed from the three charged track momenta. The solid histogram is the sum of the Monte Carlo simulation of K e4 events ͑dashed histogram͒ and the background from 2-1 accidentals ͑lower dotted histogram͒. ͑c͒ Electron-positron invariant mass M ee assigning electron mass to the reconstructed Ϫ for K e4 events. K dal events ͑inset͒ are characterized by low values of M ee . 
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needed for the determination of the branching ratio and the evaluation of the background, we use the matrix elements given in Refs. ͓45͔ and ͓46͔. The detector response is handled with a GEANT-based ͓47͔ simulation of the E865 apparatus, and the simulated events are processed through the same reconstruction and selection programs as data events. With these tools, we generated 81.6ϫ10 6 K e4 events, resulting in 2.9ϫ10 6 accepted events, about 7.5 times more than data events. The quality of the simulation is demonstrated in Fig. 5 , which displays the vertex quality s, the missing neutrino mass squared, and the position of the vertex along the beam axis as examples. The vertex quality is a crucial quantity in the event reconstruction; the missing neutrino mass squared is sensitive to the resolution; and the vertex position depends on the decay matrix element and detector acceptance. The good agreement between data and Monte Carlo indicates that ChPT describes the data well and that our event selection procedure did not introduce a significant bias. We also compare Monte Carlo with data distributions for the kinematically very distinct K and K dal decays, getting again a nice agreement ͑see, e.g. ͓40͔͒. Furthermore, we find that the K dal branching ratio is consistent with the published value ͓48͔, using K as normalization channel. This underlines the good understanding of the geometrical acceptance and the efficiency of the various detector elements.
VI. BRANCHING RATIO
The K e4 branching ratio was normalized with respect to the K decay. As mentioned in Sec. III B, we collected K events in a minimum bias trigger concurrently with K e4 events. K is the most common kaon decay with three charged particles in the final state, which strongly simplifies the selection of a clean sample of events. To identify K events, we require the reconstruction of a vertex, as for K e4 , and the reconstruction of the kaon mass. With BR() ϭ5.59Ϯ0.05% ͓48͔, the K e4 branching ratio BR and the decay rate are calculated as The first error is statistical, the second is systematic. The result is in good agreement with previous experiments, as is evident from Table III . The systematic errors are summarized in Table IV . The dominant contributions are from the background subtraction and Č erenkov counterefficiencies. The error in the background subtraction results from the uncertainty in the background rate for 2-1 accidentals from K ,a s mentioned in Sec. IV C. The efficiency of the Č erenkov counters was determined using K dal decays, collected with the special purpose Č erenkov counter trigger described in Sec. III B. The uncertainty results from the fact that K dal events populate phase space areas different from K e4 . This is mainly significant on the beam right side, where 2.5 photoelectrons are required to identify a positron. The branching ratio includes radiative K e4 events, i.e. K ϩ → ϩ Ϫ e ϩ e ␥, since no cut on the missing neutral mass squared is made. Diamant-Berger ͓44͔ found that the ratio of radiative to nonradiative K e4 events for photon energies above 30 MeV is only (1.0Ϯ0.5)%. A small fraction of these, which lead to an additional cluster in the calorimeter could be rejected, because the number of clusters is used in the likelihood function for background rejection.
VII. FITS TO THE DECAY DISTRIBUTIONS
In pursuing the goal of determining the form factors and scattering phase shifts, three different approaches have been followed, which have been outlined in Sec. II D. The K e4 form factors F, G, and H, and the phase shift ␦ can be directly extracted for a conveniently chosen grid of bins in the kinematic variables. This approach makes no assumption on the analytical behavior of these quantities. In the second approach, the parametrization of Eq. ͑12͒ is used and the phase shifts are related to the two scattering lengths using Eq. ͑13͒. This allows use of the whole data sample in a single fit. Finally, either Eq. ͑14͒ or Eq. ͑15͒ can be used in addition, reducing the number of parameters by one. The statistical method which we describe below is the same for all three approaches.
A. Data treatment
The experimental distributions must be fit to Eq. ͑8͒, taking into account the acceptance and resolution of the apparatus, with the form factors and phase shifts as free parameters. Following the recommendations by Eadie ͓49͔ we select equi-probable bins for each kinematic variable, namely six bins in s , five in s e , ten in cos , six in cos e , and 16 bins in . With a total of 28,800 bins there are on average 13 events in each bin.
Following the procedure used by the Geneva-Saclay experiment ͓9,44͔, we minimize a 2 function defined as
where the sum runs over all bins. n j , r j and m j are the number of data events, expected events and generated Monte Carlo events in bin j, respectively. This 2 is deduced from the probability The expected number of events r j is calculated to be
where the sum runs over all Monte Carlo events in bin j. N K is the number of K ϩ decays derived from the number of K events. N MC is the number of generated events.
MC ͓Eq. ͑9͔͒ is evaluated at the relevant set of kinematic variables for the simulated event with the form factors F, G, and H calculated at qϭq MC . J 5 (F,G,H) new is evaluated with the same kinematic set and F, G, H recalculated from the parameters of the fit. Thus, we apply the parameters on an event by event basis, and at the same time, we divide out a possible bias caused by the matrix element, making the fit independent of the ChPT ansatz used to generate the Monte Carlo events.
B. Fit of the decay rate in multiple bins in s
For the fit in multiple bins two further assumptions are being made, namely that the form factors do not depend on s e and that the form factor F contributes to s waves only. Figure 6 shows the distribution for each of the bins, which illustrates the high quality of the fit.
The centroids ͗M ͘ of the bins are estimated following the recommendations by Lafferty and Wyatt ͓50͔. The dominant systematic error for F, G, and H has the same origin as that of the branching ratio measurement. The major contributions to the systematic error of ␦ are the subtraction of the background, and resolution effects, i.e. deviations between the original and reconstructed kinematics. We have also included the full magnitude of the radiative corrections in the systematic error. As mentioned above in Sec. V, we have calculated these corrections using formulas given in Refs. ͓44,51͔ based on the work of Neveu and Scherk ͓52͔. Basically one has to consider two types of radiative corrections, those where a real photon is radiated by one of the charged particles involved in the decay and those where a virtual photon is exchanged between two charged particles. The former are dominated by inner bremsstrahlung in particular of the positron ͓44͔, as e.g. experimentally determined in the related decay K Le3 0 → Ϯ e ϯ e ( e ) ͓53͔. The Low theorem ͓54͔ ensures that off-shell effects appear only in second order and hence modifications of the hadronic form factors are expected to be negligible. The Coulomb interaction of the charged particles in the decay, however, has noticeable effects, in particular its most important contribution, the mutual attraction of the pion pair, as already observed in the Geneva-Saclay experiment ͓9,44͔. The repulsion or attraction between the positron, kaon and the two pions, which we also included, is unimportant. As an example we have reproduced the Coulomb attraction below ͓51͔, which we have used to reweight each event:
where
and V. Form factors and phase shifts for the six bins in dipion invariant mass M ͑in units of 10 Ϫ3 ). ͗M ͘ refers to the centroid of the bin. The number of degrees of freedom ͑NDF͒ for each fit is 4796. The first errors are statistical, the second systematic. The fourth quantity, which is in parentheses, indicates the shift of the central value of the parameter which resulted from the application of the radiative corrections. F, G and H given here are the moduli of the complex form factor defined in Eq. ͑12͒. 
Here v is the velocity of the pions in the dipion center-ofmass system ͑in units of c), ␣ the fine-structure constant, and E m a cut-off energy fixed at 30 MeV. In all tables where results are given ͑Tables V, VI, VII and VIII͒ we have listed the effect of applying the radiative corrections separately.
While the form factors F and G and the phase shifts ␦ are nearly unaffected, the form factor H changes between 1.5 and 9.4%. The small deviation of 2 /NDF from the expected value of one may reflect the discreteness of the background. The number of background events which we add to the generated events is smaller than the number of bins, and the background is distributed over almost the whole phase space. By using tighter cuts, which reduce the background contributions by a factor of two, we have confirmed that the results for the form factors and phase shifts remain unchanged.
The results from In the latter analysis it was assumed that F ϭ G ϵg p Ј/g p holds, which is confirmed by our analysis, albeit within large error limits. Good agreement with the previous measurements ͓9͔ and considerably improved precision is shown in Fig. 8 , where the phase shift difference ␦ is plotted versus M ϭͱs .A fit using Eq. ͑13͒ with relation Eq. ͑14͒, taking the central curve of the universal band with the six data points for ␦ leads to the following value of the scattering length:
The use of Eq. ͑14͒ then implies a 0 2 ϭϪ0.0363Ϯ0.0029.
C. Fits to the whole data set
In this section we list the results of various fits to the whole data sample. A more detailed discussion and comparison will follow in Sec. VIII.
If we substitute the phase shifts ␦ in Eq. ͑12͒ via Eq. ͑13͒ and Eq. ͑14͒ or Eq. ͑15͒ for the relation between a 0 0 and a 0 2 , we can use the whole data sample in one single fit, which will yield the scattering length a 0 0 , and the six form factor In all previous fits, we have assumed that the decay rate does not depend on s e and that there are no contributions from p waves to F. To check this approximation we have allowed these form factors, one at a time, to vary in our fits too for the case where Eq. ͑14͒ was used. Table VII that all three form factors are found to be consistent with zero. The nominal values of the contributions to the form factors F and G are at the 2% or less level. In all three cases, the dominant contribution to the systematic errors came from the resolution of the missing neutrino mass squared, and a smaller non-negligible error from the background estimate.
In order to assess the sensitivity of our data to a 0 2 directly we have also made a fit to the data where it was allowed to vary independently, rather than being fixed via Eq. ͑14͒ or Eq. ͑15͒. The result is given in Table VIII and Fig. 10 . While the form factor parameters, as was expected, did not change, a 0 0 shifts to a lower value with a larger error bar, which encompasses the values found above. The error ellipse for this fit is shown in Fig. 10 . It illustrates the strong correlation between the two scattering lengths. The long axis of this ellipse follows the equation a 0 2 ϭϪ0.1939ϩ0.6851a 0 0 .
VIII. SUMMARY AND DISCUSSION
The main results of this analysis are the measurements of the -phase shift difference ␦ near threshold and of the form factors F, G and H of the hadronic current, and their momentum dependence with a precision which has not been previously attained. We emphasize again that the analysis based on these data in six bins of invariant mass is model independent. The analysis which directly relates our data to the scattering length a 0 0 , on the other hand, depends on additional input, which leads to slightly different results. While there is a consensus ͓22,55,39͔ on the use of the Roy equations ͓24͔ and Eq. ͑13͒ to relate the phase shifts to the scattering lengths, there exist slightly different ways of linking a 0 0 to a 0 2 , and how to make use of peripheral Iϭ2 data. These differences produce slightly different results for both a 0 2 and a 0 0 with overlapping statistical errors. The experimental and systematic uncertainities for both the phase shifts and scattering lengths are considerably smaller than the statistical ones and are therefore irrelevant to this discussion.
If both a 0 0 and a 0 2 are allowed to vary independently ͑Table VIII͒, we obtain a result outside the universal band in the (a 0 0 ,a 0 2 ) plane, namely, ) , square͔, and ͓21͔͓ChPT O(p 6 ), small ellipse͔. Solid curves labeled UB: universal band of allowed values based on Eq. ͑14͒. Solid curves labeled CLG: narrow band of allowed values based on Eq. ͑15͒. Solid vertical line labeled E865 ͑ϩA ϵ analyticity constraints͒:fi tt oK e4 data using Eq. ͑14͒ with 1 error limits given by dashed vertical lines. Dashed-dotted line labeled E865 ͑ϩCS ϵ analyticity and chiral symmetry constraints͒ fit to K e4 data using Eq. ͑15͒ with 1 error limits given by dotted vertical lines.
This result is also shown in Fig. 8 From this discussion we may deduce first that using our full data sample or the phase shifts, which we have extracted from it, in the six bins in M leads to the same results. This will make further use of our data easy, should theoretical discussion continue and require this. Second, it has become clear that the most probable values of the two scattering lengths extracted from the K e4 -data and low-energy Iϭ2 data, resting on a minimum of theroretical assumptions given by analyticity and crossing are those given in Eqs. ͑25͒ and ͑26͒,orEq.͑27͒. Using the additional constraints implied by chiral symmetry and the value of the scalar radius ͓22,39͔ leads to a value of the scattering length consistent within the statistical errors with this result, albeit just 1 lower. The authors of Ref. implications, if any, are for the chiral pertubation theory parameters ᐉ 3 and ᐉ 4 and the size of the quark condensate. In view of the large errors and also inconsistencies in the I ϭ2 phase shift data ͓56,57͔, it seems premature to assign much significance to this minor discrepancy. Because of the reduced theoretical uncertainties we prefer to quote the values of Eqs. ͑28͒ and ͑29͒ as our final result. Both solutions for a 0 0 are in very good agreement with the full two-loop standard ChPT prediction ͓21,22͔ a 0 0 ϭ0.220Ϯ0.005, a 0 2 ϭϪ0.0444Ϯ0.0010.
The influence of the reduced uncertainties of our results on the form factors F, G and H on the determination of the low energy constants of ChPT is evident from recent work of Amorós et al. ͓27͔ , who have updated their earlier work ͓26͔ using our data ͓10͔. The constants L 1 r , L 2 r and L 3 r changed from 0.53Ϯ0.25, 0.71Ϯ0.27 and Ϫ2.72Ϯ1.12 ͑in units of 10 Ϫ3 ), respectively, to 0.43Ϯ0.12, 0.73Ϯ0.12 and Ϫ2.35 Ϯ0.37.
The first nonvanishing contribution to the anomalous form factor H in ChPT is predicted to be HϭϪ2.67 ͓59͔. This agrees well with our value of HϭϪ2. 95Ϯ0.19Ϯ0.20 . An estimation of the next to leading order gives only a small contribution ͓60͔.
